Chapter 8 Applications of Straight-Line Graphs @
Reteach Worksheet
8.1 Reducing Equations to Linear Form

Name: Date:

Class:

Notes

1 To transform a non-linear equation in x and y to the linear form Y = mX + ¢, follow
these steps:
(a) Perform operations on both sides of the equation to obtain the constant term c.
(b) Compare the equation with the linear form to find X and Y as a function of x
and/or y.

Example 1

Express the following equations in the form Y = mX + ¢, where X and Y are each functions of
x and/or y, and m and ¢ are constants. State the value of m and of ¢ in each case.

@ y=5w/x+10 (b) 8y —x="Txy
© y=-160+1% @ y=1%

X X
Solution

(@)  Substitute the terms in 'y and x with Y and X respectively.

y=5xx/;+10
Y =5X + 10, where Y=5 and X = xv/x_

Hence m =5 and ¢ = 10.

(b) Apply division to eliminate unknowns and obtain a constant term.

Remark
8y —x="Txy
8 x Tx The linear form is not unique.
8y _ X = Xy You can also divide 8y — x = 7xy
Xy xy Xy by either x or y to obtain a
constant term.
g8 1 _
XY
1 8
—==_7
y X
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(c)

(d)

Substitute the terms in'y and x with Y and X respectively.

Y=8X-7, where Y = landX= §

y x
Hence m =8 and ¢ = 7.
Eliminate the denominator by multiplying the term throughout.

y=-16x 100
X

100
yx=-16x" x+—-x
X
xy =-16x* +100

Substitute the terms in 'y and in x with Y and X respectively.
Y = 16X + 100, where ¥ = xy and X = —x".
Hence m =-16 and ¢ = 100.

Take common logarithms on both sides. Simplify to obtain a constant term.

, 1000

5
X

1000
@f=@[ 5]

X
2lg y =1g 1000 — Ig x’

20gy=1g 10° - 5lg x
2lg y=-15lgx + 3Ig 10

1 ——21 x+é
gY="585+7

Substitute the terms in'y and x with Y and X respectively.

y=-2x43
27 2

5 3
= —5x+ E,where Y=Igyand X=1gx.

5
Hence m = —5 and ¢ =
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Solve.

1A Express the following equations in the form ¥ = mX + ¢, where X and Y are each
functions of x and/or y, and m and c¢ are constants. State the value of m and of ¢ in each
case.

@ Y=ly¢-2
x 8

(b) 6y=2xy—3x
(© y=-2x+ i

Jx

9x

(d) y=90e ©

Solution

(@)  Substitute the terms in 'y and x with Y and X respectively.

1 1
Hence m=—-,c=——.
m 8’C >

(b) Apply division to eliminate unknowns and obtain a constant term.

y=—5x2\/;+12\/;

y =5 N 124/x
N

x A

=5 +12
X

Substitute the terms in y and x with Y and X respectively.
Y=-5X+ 12, where Y = % and X = x°
X

Hence m =—-5and ¢ = 12.
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(¢) Eliminate the denominator by multiplying the term throughout.

y——2x+i
Vx

y'\/;=—2x'\/;+\/9;»\/;

y x=—2x\/;+9

Substitute the terms in y and x with Y and X respectively.
Y=-2X+9

Hence m =-2 and ¢ = 9.

(d) Take natural logarithms on both sides. Simplify to obtain a constant term.

9x
y=90¢ 10
9x

Iny= ln{90e'°° J

9x
Iny=1n90+Ine '®

lny:ln90—ix
100

Iny= —ix+ln90
100

Substitute the terms in y and x with Y and X respectively.

9
y:_@xﬂn 90, where Y =1n y and X = x.

9
Hence m = 100 and ¢ =1n 90.
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1B Express the following equations in the form ¥ = mX + ¢, where X and Y are each

functions of x and/or y, and m and c are constants. State the value of m and of ¢ in each

case.

2x 3
@ lgy=—-2
y 2

(b) 3y*=x-9y

_3x°+5
X

(c)

1 3
(d) y—ﬁ(xﬂ)

Solution

Y:ZX—g,Where Y=Ilgyand X=

(b) 3y =x-9
3\'2 x 9y
3y 3y 3y
1(x)
=357
Y:%X—3,WhereY:_y*andX:£

y

1
Hence m = 3 and ¢ = -3.
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_ 3x°+5
X

3x* 45
X

(c)

y.x: X

xy=3x+5
Y=3X+5 where Y =xy and X = x7.

Hence m =3 and ¢ = 5.

1 3
(d) y—E(er])
lgyzlg{l()ﬁ-l)‘%}
10
lgy:lgi+lg()c+l)3
10

1
lgy=1g—+3lg(x+1
gy=ley, glx+1)

lgy=3lg(x+1)+1g(10™)
lgy=3lg(x+1)-1
Y=3X-1,where Y=Igyand X =1g (x+1).

Hence m =3 and ¢ =—1.
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Example 2
The variables x and y are related by the equation 2y* = x — 6y.

(i) When yis plotted against i, a straight line is obtained. Find the equation of this line in
y

the form Y = mX + ¢, where m and ¢ are constants.
(ii) Draw the graph of the line in (i), indicating clearly the X- and Y-intercepts.

Solution

(i)  Identify the terms of x and/or y to be represented by x and y respectively.

When y is plotted against ﬁ, a straight line of the form Y = mX + ¢ is obtained.
y

X

= Y=yand X =~
y

Express the original equation relating x and y in the form Y = mX + c.

Divide the equation 2y* = x — 6y by 2y to obtain Y (i.e. y).

2y _x 6y
2y 2y 2y
X
==_3
y 2

Hence the equation is Y = %X —3,where Y=yand X = X
y

From the equation, the gradient m = % and the y-intercept ¢ = 3.

(ii) Find the X-intercept.
. . . . . Remark
Substitute Y = 0 into the equation to obtain the X-intercept.

1 From (i), we know that the

0==-X-3 straight line passes through
2 (0, =3). In order to draw a
3 1 x straight line, we need another
- E point.
X=6

Draw the graph.

Y(y)
A
y=1x_3
T2
> X| X
o 6 (y]
-3
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Solve.

2A The variables x and y are related by the equation y = xi ; ,x#E—2.
X

(i) When y is plotted against x —xy, a straight line is obtained. Find the equation of
this line in the form Y = mX + ¢, where m and ¢ are constants.
(ii) Draw the graph of the line in (i), indicating clearly the X- and Y-intercepts.

Solution

(i) Identify the terms of x and/or y to be represented by x and y respectively.

When y is plotted against x —xy, a straight line of the form
Y = mX + c is obtained.
= Y=yand X=x —xy

Express the original equation relating x and y in the form Y = mX + c.

Multiply both sides of the equation by x + 2.

+5
yo(x+2) =2 (x+2)
x+2

Xy+2y=x+5
2y=x-xy+5

1
y=—(x—-xy)+
y=5-x)

2

. 1 5
Hence the equation is ¥ = EX + 3 where Y=y and X =x —xy.

. . 1 .
From the equation, the gradient m = 5 and the y-intercept ¢ =

N |
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(ii) Find the X-intercept.

Substitute ¥ = 0 into the equation to obtain the X-intercept.

y=1x4+2
2 2
0=1X+é
2 2
1
1y 3
2 2
=-5
Draw the graph.
1)
A
5
2 /
Y= lX+ —
2
< 0 > X(x —xy)
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2B The variables x and y are related by the equation y = 3"__: , where x # 3.
x+

@@

(ii) Draw the graph of the line in (i), indicating clearly the X- and Y-intercepts.

When y — x is plotted against xy, a straight line is obtained. Find the equation of

this line in the form Y = mX + ¢, where m and ¢ are constants.

Solution

(@

When y — x is plotted against xy, a straight line of the form Y = mX + ¢

1s obtained.
= Y=y—xand X =xy

Divide the equation y = did by x + 3.
x+3

_3x-4

T x+3
xy+3y=3x-4
3y-3x=-xy-4

(y—x)=—xy—4
1 4

yoXx=—_Xxy——

3 3

. 1
Hence the equation is ¥ = —;X ——,where Y=y —xand X = xy.

3 bl

4

. . 1 .
From the equation, the gradient m = ~3 and the y-intercept ¢ = ——.

3
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(ii) Substitute Y = 0 into the equation to obtain the X-intercept.

1. 4
Y=—-X ——
3 3
4
0=-1x-2
373
1 4
ZX= ——
3 3
X=-4
Y(y )
A
= 5 > X(xy)
1 4
Y=-—2X-2 T
3
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Example 3

The diagram shows the straight-line graph of x — y against xy, passing through the points
(3,3)and (7, 5).

/ "

(3,3)

> Xy

. . +b
The variables x and y are connected by the equation y :ax_2 , where a and b are constants.
X+

Find the value of a and of b.

Solution

Identify the terms of x and/or y to be represented by x and y respectively.

When x — y is plotted against xy, the line is of the form ¥ = mX + ¢, where Y = x — y and
X =xy.

Find the gradient of the line.

The line passes through (3, 3) and (7, 5).
So the gradient, m, is >3 1 .
7-3 2

Substitute the value of m and the coordinates of one of the given points into y = mx + c to
obtain the value of c.

1
Substitute X =3, Y=3 and m =5 into Y=mX + c.

3=%(3)+c
_3
€=5

Write the equation in the form Y = mX + c.

1 3 1 3
_ _ )
SOY—2X+2 or x y—2xy+2
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. .o ax+b
Rewrite the equation in the form y =

x+2
x—y=lxy+§
2 2
x—§=lxy+y
2 2
3 1
E—y(§x+1j
3
x—2
y=1 2
—x+1
2
_2x-3
Cox+2

Compare to the given equation to obtain value of a and of b.

Hence a =2 and b =-3.

© 2013 Marshall Cavendish International (Singapore)

8-29



Solve.

3A The diagram shows the straight-line graph of 1 against l, passing through the points
y x
(1, 1) and (10, 4).

> < | =

(10,4)

)

Y
==

The variables x and y are connected by the equation ax + by = xy, where a and b are
constants. Find the value of a and of b.

Solution

Identify the equivalent functions of X and Y respectively, in terms of x and/or y.

1. . 1 . 1
When — is plotted against —, the line is of the form ¥ = mX + ¢, where Y = —and
y X y
1
X=—.
X

Find the gradient of the line.

The line passes through (1, 1) and (10, 4).
4-1 3 1

So the gradient, m, is 10-1 = 9 =3

Substitute the value of m and the coordinates of one of the given points
intoy = mx + c to obtain the value of c.

1
Substitute X =1, Y=1 and m =3 into Y=mX + c.

1
= (D+e
2
€=3
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Write the equation in the form Y = mX + c.
1 11 2
2 11

1
SOY=§X+§ or y_3x 3

Rewrite the equation in the form ax + by = xy.

I 1+2x

y_ 3x

3x=y+2xy

Je=dyin

2 2

1 —
PRt

Compare to the given equation to obtain value of a and of b.

1

3
Henceazaandb:—z.
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3B The diagram shows the straight-line graph of

(1,9) and (4, 3).

Y
Jx
A
(1,9

4.3

2

NP

against X%, passing through the points

The variables x and y are connected by the equation y = (ax? +b)\/; , where a and b are
constants. Find the value of a and of b.

Solution

When %IS plotted against x%, the line is of the form Y = mX + ¢, where Y = %and
X X

X =x%

The line passes through (1, 9) and (4, 3).

3-9

So the gradient, m, is A_1-

-2

Substituting X =1, Y=9and m =-2 into Y = mX + ¢,

9=-2(1)+c¢
c=11

SoY=-2X+11 or \/)}—:—2x2+11_
x

\/y_. x:—2x2-\/;+11~\/;
X
y=(-22+11)Jx

Hencea=-2and b=11.
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